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Abstract 

It is shown that the phase space of a dynamical system subject to second class 
constraints can be extended by ghost variables in such a way that some formal 



analogies of the fi-charge and the unitarizing Hamiltonian can be constructed. Then 
^ ' BFV-type path integral representation for the generating functional of Green's func- 

<^ ■ tions is written and shown to coincide with the standard one. 

. 

It is known that an embedding of second class constraints into the 
Hamiltonian BFV-quantization scheme can be done in several different 
ways: by application of the conversion methods [0,0], by passing to holo- 
morphic representation of the constraints [0, ||, and within the framework 
of the unified constrained dynamics [j5j]. Unfortunately, some restrictions 
on a structure of the initial constraint system must be imposed in each of 
these schemes. By this reason, a direct application of the developed meth- 
ods in a manifestly Poincare covariant fashion turns out to be problematic 
for some concrete models (see |5|, [7j and references therein). In particular, 
for those cases the problem of constructing a manifestly covariant and re- 
ally calculable expression for the generating functional of Green's functions 
seems to have no a fully satisfactory solution in the path integral quantiza- 
tion context [8-10]. The purpose of this letter is to demonstrate that for a 
dynamical system subject to second class constraints G a « 0, some formal 
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quantities analogous to the £l-charge and the unitarizing Hamiltonian can 
be constructed. Then the standard expression for the path integral [|TT 



Z = Jdz det 1/2 {G a , G P }5(G) expi J dr{p A q A - H ) (1) 

can be rewritten in BFV-like form (see Eqs. (21), (22) below). It allows 
to hope that this formal construction will be useful in attempts to treat 
quantization of second class constraints on the same footing as that of first 
class ones. 

Consider a dynamical system with phase space variables z A = {q A ,p A )i 
Hamiltonian Hq(z) and second class constraints G a (z) « 0: 

S H = fdT(p A q A -H + \ a G a ), 

{G a , Gp] PB = A af3 (z), det A ^ 0, (2) 

{G ai Ho}p B = Vj(z)Gp. 

For defmiteness, all the phase space coordinates and constraints are sup- 
posed to be even: e(z A ) = e(G a ) = 0. 

A constructing of the £l-charge. To get the quantity similar to the 
Q-charge, with property = 0, let me extend the initial phase 

space in the following way: 

(q A ,p A ), X a , (C a , V a ), D a , (a, (3), (r/, v) (3) 

where the brackets contain canonically conjugate variables, while A a and 
D a are assumed to be dynamically passive. The Grassmann parity, ghost 
numbers and nonvanishing Poisson brackets of the variables are 



e(C a ) = e(V a ) = e(a) = e((3) = e(D a ) = 1, 
e(rj) = e(v) = 0; 

gh C a = — gh V a = gh (3 = — gh a = gh r] = — gh v = gh D a = +1; 
{g A ,p B } = S A B ; {C,V f) } = -5°< li , [a,P} = -l, {jj, i/} = 1. 



(4) 



Note that in contrast to conversion methods, no additional variables for 
conversion of second class constraints into effective first class ones has been 
introduced. Instead of this, the il-charge will be constructed directly in 
terms of the initial constraints. 
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The following notation for the expansion terms of a phase space function 
X(C a , . . .) = Y^L^Xn in powers of the ghost parameters C a 

yv n — ^ . . . w y *-n,ai...a n ■> 

v — \ ■* r*0L\ r<a k v (^) 

fc=0 

will be used, and analogously for function X(a,C a , . . .) = E^Lo(^n,o + 

Introducing now the function fipj = C a G a one has: = 
_ c a C ,3 A a f](z) = W. Then, by virtue of the Jacobi identity, the quantity 

n = n [1] + -L aW + _Lp (6) 

has the needed property {Q, Q} = (compare Eq. (6) with that of Refs. 
[|3], |j, where for the case of constraint system in the holomorphic repre- 
sentation a similar construction for the ^-charge was considered and its 
cogomologies were investigated). 

A constructing of the unitarizing Hamiltonian. The Hamiltonian 
H is sought as a solution of the equation 

{^,#} = 0, (7) 

subject to conditions 

H\ a=(3=c =v=o = H , e(H) = 0, gh# = 0. (8) 

The solution will be sought in a form of series expansion in powers of the 
ghost parameters 

oo 

H nfi = C a K.. C a -{H nfiai ... an ^V Pl . . . Vp n + 

where the structure functions H n ^ can be determined step by step after 
the substitution of Eq. (9) into Eq. (7). 
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Let me prove the existence theorem for the solution of Eqs. (7) and (8), 
inductively in powers of (C) n . It is not difficult to find a solution in the 
lowest orders n = 1 and n = 2: 

H [2] =H - C a VjVp - V2aC a C?{G a , ^}P 7 , (10) 

then 

{ft, H[2}}{2] = 0, or equivalently {ft, H[ 2 }} = X 3 + ... . (11) 

Now, suppose that a solution of the problem is known in [C) n order, so 
that H\ n \ is obtained, and 

{ft,H [n] } = X n+l + ... . (12) 

In order to find H n+ i, note that (C) n+1 order in Eq. (7) has the following 
structure: 

1 d 

{n, H} n+l = -(5 + ^^)H n+ i + x n+1 = o, (13) 

where 5 = G a -^p- is an analog of the Koszul-Tate differential for sec- 
ond class constraints. Inserting the expansions H n+ i = H n+ \fi + aH n+ i^ 
X n+ i = X n+ ifi + aX n+ y into Eq. (13), one gets that the following two 
equations must be fulfilled separately 

£#n+l,l = —X n +l,l, (14) 

SHn+i,o = X n +ifl — —j=H n+ ij_. (15) 

To investigate these equations one can use the well known properties of the 
^-operator [T2], |T3j : Let the initial constraints are of the form G a = p a — 



j ? a(q A Pi) i where p a are part of momenta pa (which always can be done). 
Then any regular solution of the equation 5X = obeying X\p=o = 
is that X = 5K. Further, a necessary and sufficient condition for the 
existence of solutions to the inhomogeneous equation 5X = Y with the 
unknown X is that SY = 0. 

To be convinced that 5 [r.h.s. of Eqs. (14), (15)] = 0, note that the 
(n + l)-th order of the Jacobi identity {Q, {Q, H^}} = leads to the 
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equation 

{Q, {Q,, i7[ n ]}} n+ i = G a {C a , X n+ i} + —^{fi, X n+ i} = 

= - (s + —^-^j x n+i = -SX n+ i fi + a5X n+1 ^i - -^=X n+ i f i = 0, (16) 
or equivalently 

SX n+1A = 0, (17) 
8X n+ ifi = ——j=X n+ i^. (18) 

From Eq. (17) it follows that there exists a solution H n+ \^ of Eq. (14). 
Assuming it is found and substituting it into Eq. (15), one gets, by virtue 
of Eqs. (14), (18): ^[r.h.s. of Eq. (15)] = 0, which proves the existence of 
a solution of Eq. (15) too. In the result, the solution of the problem (7), 
(8) has been found in the (C) n+l order. 

To conclude the subsection, let me discuss an ambiguity in determining 
the Hamiltonian H, which has two sources: 

(i) By construction H n+ i is found from equation of the form 5X = Y, 
solution of which is not unique: given a solution X the quantity X + 5K 
is a solution also. 

(ii) In the initial formulation, one could start from equivalent constraints 
G' a instead of G a : G a = daG'p, det d ^ (note that I have used the prop- 
erties of the ^-operator, which were formulated for the constraint system 
of a special structure only). 

1 d 



It can be shown that the operator 5 = [5 + ^^J 5 which first appeared 

in Eq. (13), has the same properties: 5X = X = 5K, K = Kq + 
aKi, as the ^-operator has. Using this fact, one can repeat the standard 
reasoning [13] for describing the ambiguity in determining H, and the final 
answer looks as follows: let H = Hq + . . . and Q be a solution of Eq. 
(7), where the £1 is given in the form (6). Then any another solution 
H' = Hq + . . . and W (in particular W may be constructed with the help 
of equivalent constraints: W = C a G' a + . . .) is related to the initial one as 
follows: 

H' = e*{H + {Sl,Y}), fi' = e*fi; 
XA = {X,A}, (19) 
with some X and Y obeying e(X) = 0, gh X = 0, e(Y) = 1, ghY = —1. 
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BFV-type representation for the path integral. Since within the 
framework of the presented construction part of variables (namely X a and 
D a ) are dynamically passive, the following trivial extension of the BFV- 
theorem [|T4| , [Td"| will be suitable for building the generating functional 
of Green's functions: Let the extended phase space variables are splitted 
onto two groups: Z = (Q , Pa] u a ) where cu a are dynamically passive. Let 
= 0, {Q,H} = 0, where the Q-charge is independent on u a . Then 
the expression 

Z* = JdZ exp i p dr[P A Q A - H + tt}} (20) 

is independent on change of \I/ provided the standard choice of the BRST- 
invariant boundary conditions |T2j on Q A , P^-variables has been done. 

This proposition can be proved along the same lines as the standard 
one. 

For the case under consideration one has 

Z* = j dZexpi J dr[p A q A + V a C a + (3a + T}v - H + {^, fi}]; (21) 
n = C a G a + ^=C a C^A af3 + -Lp, 

H = H - C a VjVp - V2aC a CP{G a , V^V, + (22) 
+0(C 3 P 3 , C 3 V 4 (3, aC 3 V 2 , a(3C 3 V 3 ). 

Now, let me demonstrate that Z^ in Eq. (21) exactly coincides with 
the standard expression of generating functional for a dynamical system 
with second class constraints that has been written in Eq. (1). The "gauge 
fixing fermion" of the form 

^ = —\ a V a -y/2/3- -aV a D a , (23) 

£ £ 

where £ is some numerical parameter, turns out to be suitable for this aim. 
Substituting Eqs. (22), (23) into Eq. (21) and making use of the following 
displacement of integration variables 

a^£a, (3 -»• -(3; , > 

£ (24) 

V a ^£V a , \ a ^£\ a 
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with the unit Jacobian, one gets 

Z* = JdZexpiJdT[ PA q A + V a (-^D a + £C a -eC% a )+ 

+ [3a + riv-Ho + 0{e 2 aC 2 V l ) + (A a - aD a )G a + 

+ C a C^ a p-V2ea\ a C^ aP \. (25) 

Since Z^ is independent on a change of ^ and, as a consequence, on a 
change of e, let me pass to the limit e — ► 0. After that, by making use of 
the displacement X a — > X a + a;/}" with the unit Jacobian, one obtains the 
expression for Z^, in which the integrations over V a: D a can be immedi- 
ately performed. The integrations over a : f3,rj : i> variables are performed 
by transition on discrete lattice, and after the necessary regularization [|TB|, 
one obtains 



J dad/3dr]dis expi J dr(^a J rr]iy) = lim / da(0)dp(0) expi((pa—(p 2 7ris 2 ) = 1. 

(26) 

(Thus an introduction of the ghosts 77, v technically yields the correct bal- 
ance between the divergent integral contributions.) The resulting expres- 
sion for Z^ is simply coincides with Eq. (1), as has been stated. 

Note that the generating functional Zy is independent on the natural 
arbitrariness in constructing of H and Q being described by Eq. (19). It 
can be proved following the same arguments as in Ref. 13. 

To conclude, in this article for a dynamical system subject to second 
class constraints some specific extension of the initial phase space by ghost 
variables has been suggested. It allows to construct formal BFV-type rep- 
resentation (21), (22) for the path integral in a similar framework as for 
the case of first class constraints. The only unusual property of the con- 
struction is that the ghost number of the "gauge fixing fermion" (23) is 
not fixed. 

The author is sincerely grateful to P.M. Lavrov for helpful discussions. 
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